Anti-normal quantization of relativistic Yang-Mills fields with a compact semisimple gauge group mathematically produces an infinite discrete energymass spectrum of Z ′ gauge bosons. In particular, quantum Yang-Mills theory existence and mass gap problem is solved.
Introduction
Large Hadron Collider ambitious goals include a long overdue sighting of the mass generating Higgs boson and discovery of new paricles , in particular heavy Z ′ bosons. The latter are neutral, colorless, self-adjoint, spin-1 gauge intermediate bosons that carry new forces (see RIZZO[22] ). For the strong force Z ′ would be hypothetical gluebals, and for the weak force they are heavier than Z boson. This paper presents a mathematically rigorous Higgsless quantum Yang-Mills theory on Minkowski 4-space that demonstrates an infinite discrete energy-mass spectrum of Z ′ gauge bosons. They may be considered as resonances of elementary n-particle bosons induced by the quartic Yang-Mills self-interaction.
General requirements of a quantum Yang-Mills field theory are satisfied:
Relativistic covariance (under restricted Poincare group)
Quantum uncertainty (Particle creation and annihilation)
Locality (Finite propagation speed)
Stabilty (Energy is bounded from below)
Mass gap (Caused by Yang-Mills quantum self-interaction only)
The relativistic covariance is based on the J. Schwinger's postulate to quantize relativistically invariant Noether's functionals (see, e. g., Schwinger's Nobel lecture (1965) and BOGOLIUBOV-SHIRKOV [6] ). This allows to quantize just the initial Cauchy data of the Yang-Mills equations. Their solutions have the finite propagation speed.
The global space-time existence and uniquness of the Cauchy problem has been established during 1980's culminating in GOGANOV-KAPITANSKII [14] . That paper follows O. Ladyzhenskaya's localization principle in the first order formalism to reduce the general case periodic initial data. However such Caushy parcels should be gaged transversal, i.e., satisfy non-linear partial differential equations. The constraint equations are elliptic and, by a gauged analogue of Helmholtz fundamental theorem of vector calculus are solved in subsection 3.1.
To quantize the solutions without cut-offs one needs to go beyond a Hilbert space. We use the holomorphic 2nd quantization scheme of KREE-RA SZKA [16] , [17] modified via the S-transform of Hida white noise functionals (see, e.g., OBATA [21] ).
Our main point of departure is suggested by quantum optics: we consider Noether's energy functional on periodic Cauchy data as anti-normal (aka Berezin, or sudarshan, or diagonal) symbol of the quantum energy-mass operator. The gain is twofold:
1. The corresponding normal symbol of the energy-mass operator contains a quadratic mass term which is absent in the energy functional.
2. The expectation of the energy-mass operator majorizes the expectation of much simpler number operator.
On the other hand, the uncut energy-mass operator is not self-adjoint in the Hilbert space so the notion of its spectrum should be redefined. We do this via the mini-max principle. The expectation item above suggests the comparison with he mini-max spectrum of the number operator which is countable but the corresponding eigenspaces are nparticle spaces of infinite dimension when n > 0. To eliminate these infinities we use the dimensions relative to the generated von Neumann algebra. Then the von Neumann spectrum of the number operator is simple so that the von Neumann spectrum of the energy-mass operatoris infininite and discrete, i. e, it is countable and every eigenvalue in it has a finite multiplicity.
Finally, the bottom spectral gap in the von Neumann spectrum is equal to the bottom spectral gap in the conventional mini-max spectrum.
The notation Ad(G) indicates that the Lie algebra carries the adjoint representation Ad(g)a = gag −1 , g ∈ G, a ∈ Ad(G), of the group G and the corresponding self-representation Ad(a)b = [a, b], a, b ∈ Ad(G) of the algebra Ad(G).
The characterisic property of Ad(G) is that the Ad-invariant Killing inner product
is positive definite, and
Local gauge group
Let the Minkowski space M be oriented and time oriented with the Minkowski metric signature is −, +, +, +. In a Minkowski coordinate systems x µ , µ = 0, 1, 2, 3, the metric tensor is diagonal. We use the natural unit system c =h = 1. In particular, the time coordinate x 0 = t. Any point of M has the representation x µ = (t, x i ), i = 1, 2, 3.
The local gauge group G is the group of infinitely differentiable G-valued functions g(x) on M with the pointwise product. The local gauge Lie algebra Ad(G ) consists of infinitely differentiable Ad(G)-valued functions on M with the pointwise Lie bracket.
G acts via the pointwise adjoint action on Ad(G ) and correspondingly on A , the real vector space of Yang-Mills fields A = A µ (x) ∈ Ad(G ).
Yang-Mills fields A define the covariant partial differentives
Any g ∈ G defines the affine gauge transformation
Yang-Mills curvature tensor F(A) is the antisymmetric tensor
A Yang-Mills field A is flat (i. e., F(A) = 0) if and only if A µ = −(∂ µ g)g −1 for some g ∈ G , so that A g = 0 for such g.
Most importantly,
Yang-Mills Noether's functionals
By Fock-Weyl gauge relativity principle, a Yang-Mills theory should be covariant under gauge transformations. Utiyama theorem (see, e. g., BLEEKER [5] ): Any Lagrangian which is invariant under gauge transformations, is a function of the curvature
The Yang-Mills action functional
may diverge but its variations with respect to compactly supported variations δ A are well defined and, actually,
Thus, by Hamilton variational principle, the dynamical Yang-Mills fields are solutions of the system of the 2nd order non-linear partial differential Yang-Mills equations
The solutions A form the configuration space M of the Yang-Mills theory. Physicists use the term "on-shell" for restriction to M . The term "off-shell" means no such restriction.
Yang-Mills action I(A)
is invariant under infinite-dimensional group of gauge transformations, the 4-dimensional group of space-time translations and the 6-dimensional group of of Lorentz transformations well as under the 1-dimensional group of dilations
and the 4-dimensional group of inversions about a ∈ M
Their Lie algebras act as A µ →Ȧ µ where:
•Ȧ µ = ∂ Aµ X , X ∈ ad(G), for gauge transformations;
•Ȧ µ = ∂ λ A µ for space-time translations on M;
•Ȧ µ = −x λ ∂ λ A µ for scale transformations;
The infinitesimal symmetry equations (
On-shell, by Yang-Mills equations ∂ Aµ F(A) µν = 0, so that the last displayed equation leads to
From now on we assume that all space derivatives of our Yang-Mills fields A = A(t, x k ) vanish faster than any power of x k x k as x k x k → ∞, uniformly with respect to bounded t.
Then, integration of the divergence-free current vector field F(A) µνȦ ν ⋆ 1 over a temporal strip t ′ ≤ t ≤ t ′′ , x k ∈ R 3 , leads, by the last equation and the divergence theorem, to relativistic and gauge invariant conservation laws
For the gauge current we have on-shell (as above)
Therefore, by the divergence theorem on R 3 , all corresponding integrals
so that Yang-Mills fields are colorless. On the other hand, other conservation laws are non-trivial on-shell as follows. Consider the following matrix-valued time-dependent fields on R 3 :
Now, (see [11] )
• Translation invariance produces the constant energy-momentum 4-vector
• Lorentz transformation invariance produces the constant angular momentum antisymmetric 4-tensor
• Dilation invariance produces the constant 4-scalar
• Inversion invariance produces the constant 4-vector
All these tensors are gauge invariant because the Ad(G )-action on the Lagrangian commutes with action of the corresponding symmetry vector fields.
By Glassey-Strauss Theorem [11] , though Π 0 (A) is a constant, the energy density E of Yang-Mills solutions scatters to the space infinity as t → ∞, asymptotically along the light cone. (The proof is based on the conservation of ϒ 0 (A).) This is a mathematical reformulation of the physicists assertion that Yang-Mills solutions propagate with the light velocity (see [26] ).
1st order formalism
Rewrite the 2nd order Yang-Mills equations ∂ Aµ ⋆ F µν (A) = 0 in the temporal representation A = (A, A k ) and F = (E k , F j k ) on R 3 as the 1st order system of the evolution equations
and the constraint equations
By Fock-Weyl gauge relativity, the dynamics of a solution A(t, x k ) of the YangMills equations is considered up to the gauge equivalence.
If g = g(t, x k ) ∈ G is a non-trivial solution of the well posed differential equation Henceforth we impose this temporal gauge condition A = 0. Now, the evolution system becomes
This is a second order semilinear partial differential system with finite speed propagation of the initial data (see goganov-kapitanskii [14] ): Cauchy problem with sufficiently smooth initial data of the class S is globally solvable on M, and Cauchy data on the base t = 0 of a characteristic cone uniquely define a solution inside the cone. Moreover, Sobolev norms of solutions inside the cones are estimated a priory by Sobolev norms of their initial data.
If the constrained equations are satisfied at t = 0, then they are satisfied for all t automatically. This means that the 1st order system of evolution along with the constrained equations are equivalent to the 2nd order Yang-Mills system.
The constraint equation and the constraint set C of its solutions are invariant under time independent gauge transformations and euclidean isometries on R 3 as well as under conformal transformations.
Gauged transvesality

Gauged vector calculus
The scalar product of AdG valued functions on an open ball B(r) :
is invariant under the dilation transformation u(x k ) → ru(rx k ). In view of the dilation invariance, we concentrate on the unit ball B ≡ B(1). We get the Gelfand triple of real topological vector spaces
where
is the nuclear space of AdG-valued vector distributions on the open unit ball B, i. e., the dual space of V ∞ 0 . 
Remark 3.1 The corresponding Gelfand triples on B(r) are dilation invariant.
define continuous left action of G s 1 on V s 0 . 
Remark 3.2 The intersection
In particular, its orbits are compact.
Since the L 2 -norm a g is continuous with respect to g ∈ G ∞ 1 , and the orbits are compact, on every orbit the norm attains the minimum at someȃ:
SEMENOV-TYAN-SHANSKII -FRANKE [23] and DELL'ANTONIO -ZWANZIGER [8] have proved the ⊲ If h is close to the the unit element in G ∞ 1 , then h = exp(X ) for some X ∈ AdG ∞ 1 . The differential of a h with respect to X atȃ is
so that ∂ kȃ k = 0 since a h is minimal atȃ. ⊳ Define the following linear partial differential operators on smooth Ad(G) valued functions u and vector fields v k on B:
The 1st order partial differential operators −grad a and div a are adjoint with respect to the L 2 scalar product (28):
If a ∈ V s+3 , then div a is a continuous linear operator from V s+1 to W s and grad a is continuous linear operator from W s+1 to V s . The gauged Laplacian △ a is a 2nd order partial differential operator. Since its principal part is the usual Laplacian △, the operator △ a is elliptic. Moreover, it has a unique extension to the Dirichlet domain W 1 0 as an ubounded symmetric operator in the real Hilbert space L 2 (see [19] , Chapter II, Section 7). We keep the notation △ a for this extension. 
This shows that for u ∈ W 1 0 we have grad a u = 0 if and only if u = 0. ⊳ Next, by the equality (34),
Thus . ⊲ Both P a and 1 − P a are pseudodifferential operators of order 0, and, therefore are L 2 -bounded. By computation,
In view of the finite propagation speed, global solutions E(t, x k ), A(t, x k ) of the evolution system (26) is a superposition of the solutions inside of the characteristic cones based on the balls B(r), r → ∞, with cut-off Cauchy data κ r E(0, x k ), κ r A(0, x k ).
The cut-off Cauchy data from
are parcels with electric component e and the magnetic component a.
Let E s 0 denote the space of the gauged electric components and A s 0 denote the space of the gauged magnetic components.
The parcels φ ∈ P s , s ≥ 1, are gauged transversal if their gauged electric components are solutions of the constraint equation div a e = 0. Let T s ⊂ P s denote the set of gauged transversal parcels (a, e a ) ≡ (a, e − P a (e)), (a, e) ∈ P s , s ≥ 1,
In particular, pure gauge electrical parcels (a, 0) are transversal. Propositions 3.2 and 3.1 show that, if v is a smooth vector field with compact support in B then e a ≡ (1 − P a )v is smooth with support in the closure of B, so that (e a , a) is a transversal parcel. Thus T s is a vector subbundle in P s over (A). Its fiber over a is the null space of the projector 1 − P a ).
The intersection T ≡ s T s is a nuclear smooth Frechet manifold with the diagonal smooth action φ g = (e g , a g ) of the compact local gauge group G 1 . This manifold is a smooth Frechet submanifold in P ≡ s P s . 
is surjective, by Proposition 3.2. Since V s+1 0 × V s 0 is a Hilbert space, the implicit function theorem (see LANG [20] ) implies that T s is a smooth locally trivial bundle over A s 0 . Moreover, a tubular neighborhood of its zero section is a smooth bundle over A 0 , where a fiber is a neighborhood of the origin in is the null space of the projector 1 − P a in E s 0 . Since the projectors are linear operators such tubular neighborhood may be enlarged to the whole bundle. ⊳
Holomorphic quantization
Holomorphic states
denote the spaces of pairs (a, e) of AdG-valued vector fields. The complexification z = (1/ √ 2)(a + ia ′ , e + ie ′ ) is subject to the matrix Hermitian conjugation z → z * .
In the complexification of the Gelfand triple (30) carries the probability Gauss Radon measure dz * dze −z * z . This symbolic expression is meaningful as a cylindrical measure on CW −∞ 0 which extends to the Gauss Radon-measure. We use the same notation for both measures because it allows integration by parts and Fubini theorem which hold for integrals of cylindrical functions followed by limit transition to wider class of integrable functions.
The important Fernique theorem implies that there exists a positive constant c such that if a functional Ψ(z * ) on CW 
and integrable Hermitian sesquilnear inner product
The integral is is denoted also as the Gaussian contraction Ψ * (z)Φ(z * ).
The exponential functionals 
is a unitary operator in B 0 . The orthogonal basis is overcomplete since
Bargmann-Hida space B ∞ is the vector space of of Gâteaux entire test functionals Ψ(z * ) on CW −∞ 0 of the (topological) second order and minimal type, i. e., for any s ≥ 0 and ε > 0 there exists a constant C > 0 such that
B ∞ is a nuclear space of type (F), dense in B 0 (see, e. g., OBATA [21, Section 3.6]). Actually, the topology of B ∞ is defined by the norms By (e. g., OBATA, [21, Section 3.6] , the generalized functionals are characterized as entire functionals of the (bornological) second order on CW ∞ 0 , i. e., there exist positive constants C, K and s such that
We get the Bargmann-Hida Gelfand triple of holomorphic states
The vector spaces B ∞ and B −∞ are locally convex commutative topological algebras with the point-wise multiplication. Moreover we have Taylor expansions
By conjugating z to z * , we convert
carries the complex conjugation (z, w * ) * ≡ (w, z * ).
The Bargmann-Hida Gelfand triple associated with (55) is denoted as
Sesqui-entire functionals Θ(z, w * ) ∈B −∞ are uniquely defined by Θ(z, z * ), their restrictions to the real diagonal. If they are real, i. e., Θ(z, z * ) = Θ(z, z * ), then they represent the classical observables on the phase space CW ∞ 0 .
via the sesquilinear quadratic form (in Einstein-Dewitt contraction notation)
5 Energy-mass spectrum
Elementary free bosons
The number operator z z * † : B ∞ → B ∞ and B −∞ → B −∞ has the normal symbol Θ(z, z * ) = z * z and the anti-normal symbolΘ(z, z * ) = zz * + 1/2. The eigenvectors of z z * † are continuous homogeneous polynomials of degree n = 0, 1, 2, ..., (n-particle states) with the corresponding eigenvalues n.
In particular, the constant vacuum state Ω 0 ≡ 1 corresponds to the eigenvalue n = 0. In general, homogeneous polynomials of degree n on a complex vector space are functionals whose restrictions to finite dimensional complex vector subspaces are finite dimensional homogeneous polynomials of degree n.
Thus the Bargmann-Hida triple is the orthogonal sum of n-particle Gelfand triples
The quantization L of a continuous linear operator L on CW ∞ 0 is the continuous E. g., the quantized identity operator1 is the identity operator, and d1 is the number operator.
An operator L ∞ on the Gelfand triple
is a bounded linear operator E on CW 0 0 that transform CW ∞ into CW ∞ (and then CW −∞ into CW −∞ ).
Let U ∞ denote the group of unitary operators U ∞ on the Gelfand triple. Then their quantizations U ∞ are unitary operators on the Gelfand triple B ∞ ⊂ B 0 ⊂ B −∞ form the quantized unitary group U ∞ . They commute with the number operator so that the n-particle Gelfand triples (75) are eigenspaces triples of U ∞ .
By Schur-Weyl dualty (see, e. g.,DIXMIER [9] ), the n-particle Gelfand triples (75) are irreducible under U ∞ . therefore, we treat the n-particle Gelfand triple en block as the elementary free boson of the energy-mass n.
The bottom line: the energy-mass spectrum of elementary free bosons is λ n (1) = n, n = 0, 1, 2, . . . .
von Neumann spectrum
Let L be a continuous linear operator from B ∞ to mathcalB −∞ . We generalize the Courant-Weyl (aka Rayleigh-Ritz) mini-max principle, to define the von Neumann energy-mass spectrum of of the expectations L Ψ ≡ Ψ * LΨ, Ψ ∈ B ∞ Ψ 0 = 1, with respect to von Neumann
Let dim1W ≤ ∞ denote the von Neymann dimension of a subspace W in B ∞ with respect to the von Neymann operator algebra generated by von Neumann (see, e. g. DIXMIER [9] ). Then the von Neumann eigenvalues
Note that the conventional and von Neumann lowest eigenvalues are equal, and the n-th conventional eigenvalue is not bigger than the n-th von Neumann eigenvalue. Therefore the lowest spectral gap λ 1 − λ 0 in the von Neumann spectrum is not less than the lowest spectral gap in the conventional spectrum. von Neumann spectrum is called discrete if all generalized eigenvalues λ n (L) have finite multiplicity in it. E. g., the operator von Neumann has infinite discrete von Neumann spectrum and each eigenvalue λ n (1) = n has multiplicity one.
Since the ball · 0 ≤ 1 has a compact closure in B −∞ , finite mini-max values λ n are limits of the expectations at corresponding generalized eigenfunctions of L.
We have a straightforward analogue of the Courant-Weyl-Rayleigh-Ritz theorem: 
Energy-mass spectrum of Yang-Mills bosons.
The energy functional on smooth transversal parcels with minimizingȃ
since, by Proposition 3.1, the minimizing connections are divergence free (here ∆ = ∂ k ∂ k is the usual Laplacian).
Henceforth we deal only with minimizing connections and skip the "breve" notation. Now the energy functional is, obviously, non-negative, and positive when a is non-zero. We consider this classical observable as the real valued anti-normal symbol H(z, z * ) of the quantum energy-mass operatorĤ (so that (a, e) = (z + z * )/ √ 2).
Discussion
The 7th problem of Clay Mathematics Institute "Millennium Prize Problems" is Prove that for any compact simple global gauge group, a nontrivial quantum Yang-Mills theory exists on R 4 and has a positive mass gap. Existence includes establishing axiomatic properties at least as strong as the Gärding-Whigtman axioms of the axiomatic quantum field theory.
(JAFFE-WITTEN [18] ) (Slightly edited)
In Gärding-Whigtman framework, a quantum field T = T (φ ) is a tempered operator distribution on a real Schwartz space S of test spin-tensor fields φ over the Minkowski space M.
In detail, T is a linear map of S into the space of (unbounded) essentially selfadjoint operators in a given separable complex Hilbert state space F with a common invariant dense domain D ⊂ F such that for any given Φ ∈ D the expectations Φ| T (φ ) |Φ ∈ S ′ , Φ ∈ D, are scalar tempered distributions on M. Then D is invariant under the operator algebra P generated by all such T (φ )
The Gärding-Whigtman axioms (cf. STREATER-WIGHTMAN [25] ) are:
Relativistic covariance The quantum fields T are covariant under a unitary representation in F of Poincare group of Minkowski isometries on M.
Spectral condition Let the self-adjoint generators P µ be the corresponding representations of the commuting space-time translations by the vectors p µ in M.
Then the joint spectrum of P µ is contained in the closed future cone.
Vacuum There exists a vaccum state Ω ∈ D such that P µ Ω = Ω and PΩ is a dense subspace in F . Actually, various "no-go theorems" suggest that Gärdiing-Wightman axioms may be too strong even for scalar quantum fields with quartic self-interaction. In such a case
Locality
• If d > 3, then the quartic self-interaction is impossible (cf. BAUMANN [1] ).
• For any d, interaction picture (and, therefore, its perturbative version) is incompatible with the second quantization (cf. HAAG [15] ).
• For d > 1, the energy spectrum a QFT with a quartic self-interaction has no lower limit so that a cut-off is needed (cf. GLIMM-JAFFE [12] ).
On the other hand,
A mathematical proof that quantum Yang-Mills theory exists in four dimensions would be a milestone in coming to grips mathematically with twentieth century theoretical physics. The reaction of physicists, however, would be that with the renormalization group and asymptotic freedom, one already understands why the theory exists, and mathematicians would have merely succeeded in supplying ε's and δ 's. For the mass gap, it is different; a proof of a mass gap, should it appear now, would shed light on a fundamental aspect of nature that physicists do not properly understand. (cf. WITTEN [26]) And from JAFFE [7, page 144] I hope that some careful, young and very strong mathematical physicist will make the Herculean effort necessary to look again at the existence of Yang-Mills theory. Certainly there is a great prize to be achieved to the single-minded person who ties this up! In 1956 an impressionable youth came to Functional Analysis conference in Moscow State University where I. M. Gelfand declared nuclear spaces and von Neumann algebras as the most promising research fields. This paper is a distant echo of that call.
